We construct a Gysin triangle in the category of motifs with modulus which specialises to Voevodosky's Gysin triangle under the canonical functor MDM eff → DM eff .
where B n = Cone(M (A 1 , ∅) → M (P 1 , n{∞})), see Definition 2.2, and B l k = Cone(M (P 1 , l{∞}) → M (P 1 , k{∞})) with l ≥ k ≥ 0. Note that if k = 0, then the first triangle above is also sent to Voevodsky's Gysin triangle in DM eff .
Definition and Preparation
In this paper, we work over a perfect field k. for the associated representable additive presheaf functor. As in [KSY18, Definition 2.1.1, Definition 6.3.1], we define MDM eff to be the Verdier quotient of D(P Sh(MCor)) by the smallest localising subcategory containing all objects of the form: (CI) for M ∈ MCor , Z tr (M ⊗ ✷) → Z tr (M);
(MV) for M ∈ MCor and an elementary Nisnevich cover (U, V) of M,
We now have a functor ω : MCor → Cor Remark 2.1. If X is proper smooth scheme, then
Definition 2.2. We define
Gysin triangles
We prove the following theorem.
Theorem 3.1. Consider modulus pairs (M , M ∞ ), (Z, Z ∞ ) ∈ MCor ls where Z is an integral effective Cartier divisor on M not contained in M ∞ , we have Z ∞ = M ∞ . M Z, and we suppose |M ∞ + Z| is a strict normal crossings divisor on M . Then the following triangle is distinguished in MDM eff .
where U = M \Z.
We call this triangle the open Gysin triangle.
Construction of the closed Gysin map
We work with the notation and hypotheses of Theorem 3.1.
In this section, we construct the morphism,
by using the projective bundle formula and the blowup formula. Now we take M = (M , M ∞ ), and
In addition we take X : blow-up of M × P 1 with along Z × {0}.
Moreover we take E : exceptional divisor of q, where q : X → M × P 1 is the canonical map,
, and
where p is the natural map E → Z × {0}. Since Z is smooth and Z × {0} is of pure codimension 2 in M × P 1 , the map
). We need the following theorems. 
Proof. The general case is proved in [KS18] .
Theorem 3.3 (Projective bundle formula). There is a canonical decomposition
Proof. The general case is proved in [KSY18] .
Consider the following diagram.
where the morphism (2) is the 0-section and (1) is the closed immersion of the strict transform of M (since Z × {0} ֒→ M × {0} is of pure codimension 1 the strict transform is itself). By the blow-up formula, (3) has a splitting denoted by (4). (In fact, (4) is induced by M × {1} → M × P 1 and the isomorphism (2)). Now we define a morphism
as the difference between (1) and (4) • (2). Composition of f with the morphism (3) is zero because (3) • (1) = (2). Thus f has a unique lifting to a morphism
By the projective bundle formula, finally we get the closed Gysin map
Now we consider
where U = X\Z. Next we prove that the open Gysin map factors through a canonical map
i.e. the composition of g Z M with the morphism M (U) → M (M) is zero. But this is clear, since the diagram defining g Z M is compatible with pullback along minimalétale morphisms M ′ → M, and in the case of the minimalétale morphism U → M, the blow-up triangle degenerates to
Lemma 3.4. The closed Gysin map satisfies the following properties:
is the canonical projection.
1. For anyétale morphism e :
commutes.
For any modulus pair
. But applying ω eff to the diagram defining the closed Gysin morphism produces the diagram Voevodsky uses to define his Gysin morphism. In DM eff the Gysin morphism of
, so it must also be in MDM eff . Part 1. We take
Since the morphism e isétale, e −1 Z is also smooth. Now there is a natural map X ′ → X, and we have the following commutative diagram.
In addition the projective bundle formula is compatible withétale morphisms (see Lemma 3.5). So we get the thing we want.
For a line bundle L over M , we set
Lemma 3.5. For anyétale morphism e : M ′ → M, the diagram
Proof. We recall the morphism
. We take
cf. Remark 2.1.
for the map corresponding to the line bundle O P(L [t]) (1). Now we define 
so the result follows.
Construction of the open Gysin map
We continue working with the hypotheses of Theorem 3.1. In this subsection we construct the morphism Proof. There is a canonical isomorphism
. With the latter model of B 1 , the isomorphism
Let L be a line bundle over M . Now we take
where p and q are the natural maps from P(L [t]) and L to M . We set
, and 
Lemma 3.7. The open Gysin map satisfies the following properties:
For any modulus pair
Proof. Part 0. follows from Part 0. of Lemma 3.4 and Lemma 3.6. Part 1. and Part 2. follow from Lemma 3.4.
Excision
Let M = (M , M ∞ ) and Z = (Z, Z ∞ ) be modulus pairs as in Theorem 3.1. Now for n ∈ Z ≥0 we define a Nisnevich sheaf on MCor
an isomorphism, then for any n ∈ Z ≥0 ,
Proof. For any n ∈ Z ≥0 , it is easy to see that
is elementary Nisnevich cover of (M , M ∞ + nZ). Now by [KSY18, Theorem 3.5.7], we have the following short exact sequence,
are injective maps, and the cokernels of these are C N nf −1 Z and C M nZ . By these fact and the short exact sequence above, we get the isomorphism we want.
Theorem 3.9. Let f : (N , N ∞ ) → (M , M ∞ ) be anétale morphism (i.e., f is induced by anétale morphism f : N → M and is minimal). If
Proof. We consider the following commutative diagram,
where i M is the natural map and c M is the unique map determined by i M . Now all columns and the two top rows are exact. Now by the nine lemma, we get that the bottom row is also exact. The morphisms i M and f induce the commutative diagram:
By Proposition 3.8, we get the isomorphism we want.
Proof that the open Gysin triangle is distinguished
In this section we prove that the open Gysin map 
Proof. By induction on n it suffices to consider the n = 2 case. We take an open covering V 1 ∪ V 2 = M . Now we set
We have the following diagram in Sh Nis (MCor),
where all columns and the two top rows are exact, and the bottom row maps are uniquely determined by the middle row maps. Now by the nine lemma, we get that the bottom row is also exact. We get the following distinguish triangle in MDM
By lemma 3.7, we know the open Gysin maps are compatible with open immersions, so the proof is completed.
The following lemma is proved in [KS18] . The category MDM eff is a tensor triangulated category, so we get the following isomorphism:
